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 �!" �#$: [ , ] [ , ]f a b c d→�2D0� ���P !H �.�/ '�(
 mP!^@ ��!%7 )��,� a!6�� �4�@ (�
!B�!��
 T�/ !� �!	%	j� 809 J�# U$:

)�(������  �!" �#$: [ , ] [ , ]f a b c d→���!n/�~7� �2D0��� !E	��P �(
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�� ���*� :First Derivative of a Function 

 �!" �#$( )y f x=��
	�� �
��� ���P �^�	&� ��	
 T��] , [A a b=

 �!"� ox A∈R����� �(
( ) ( )of x f x−���7 !��%� �&
�� ���/ 
xU$ ox.

3����)3.&.&:(R����� �!" �#$ ( ) ( )o
o

f x f x
x x
−
−

�P��� ��2^� �2�!q �G2+ N$ ���/�7 !��%� ��xU$ 

ox)
������ ��,� ��B!&	�� *�!��� �@ N�,� ��	g�!� �/!E%�� KL: �GD	)(xf�-�%�� �%�ox!H ~��/� 

~���!�( )of x′�@ {@ ):( ) ( )( ) lim
o

o
o

x x o

f x f xf x
x x→

−′ =
−

������ �@ ��!z� KL: Y �!�/�f�-�%�� �%� }!�	\�� ���!+ ox.
������� �$ �!�/f� ���!+ W���G� *� }!�	\] , [A a b=� ���!+  �!" �#$ W}!�	\ h�� 8� �-�� *" �%� 

���G��A.
������ ��,� ��B!&	�� *�!��� 8� _6�	�� ����	D�� {��,� ������ ���)(xfy=�: "

, , , ( )dyDy y Df x
dx

′"@��7� "*B!&7yN$ �6D%�!� x"�@"������ ��,� ��B!&	�� *�!���
f"�@"������ N�,� ��	g��y"

%�)�� �!$C
"� %�*�K�� %��
��:The Geometric meaning  
������ �@ ��&�)(xfy=�!� ��X�� ��
	� N!	�� |c%:
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β α X

�@ ��&� ( , ), ( , )o oa x y b x y�!	-��6/�+� ������ |c%� ��� 	��� 8� �!2��6�� !GE .�@ ]^W�

tan o

o

y y
x x

α −=
−

8� S�7 �7��� *2�ab. ��	+$ �#(
x8� ox�(
 �-�%��( , )b x yU$ ���7 

�-�%��( , )o oa x y� ������ �c%� T�� F	-�%�!� R!�� f2�	D��ba,|c%� �!G�� N$ ���/ ������)(xfy=�%�
 �-�%��a.��0/� �-�%�� �%� �c%G�� �!G�� hv� *2� a�: :

( ) ( )tan lim
o

o
x x o

f x f x
x x→

−=
−

β

)�/!E%�� KL: P�.� ��&� ()�%� ������ N�,� ��	g�� �@ {@ox|c%G�� �!G�� *2� M$ �: !� )(xfy=

�-�%�� �%� ( , )o oa x y.�-�%�!� �9 {L�� f2�	D�� ��P!�� �@ 12^�( , )o ox y*2�� '�� m�-�%�� KL: �%� 

�: o

o

y y m
x x
− =
−

)�(
 |c%G�� �!G�� ��P!��( )y f x=�%� �-�%�� ( , )o oa x y�: 

( )o
o

o

y y f x
x x
− ′=
−

��, J�#( ) om f x′=.�hv� ��P!�� �@ �!	%	j� 809 �%� �!G�� ��� {P�G���

�-�%�� o&�( , )o oa x y�R�
�� T�� 1
( )

o

o o

y y
x x f x
− −=

′−
J�#� �!" �#$ !� ��!^ p( ) 0of x′ ≠�#$ !�@ 

 �!"( ) 0of x′ =��07 �!G�� hv� ��P!�� �(
 0y y=T: �!G�� T�� mP�G��� hv� ��P!��� 0x x=.
�*��+)3.1.2:()+(I���	j!�� ��	g�� l/��7�2�!	�� ������ ��	g� �.�@ ) N�,�:

( ) ( ) ; 0i f x x x= >
���:�&� �$ �0>ox�/R!2	�� �-�� .�/!E%�� iDe 

1 1lim lim lim
2o o o

o o o

x x x x x xo o o o o

x x x x x x
x x x x x x x x x→ → →

− − +
= × = =

− − + +
 

�-�%�� �%� *B!&	�� ���!+ ������ �#$ox��0/� 1( )
2o

o

f x
x

′ =)�@ 12^�0>ox) �/R!2	�$ �-�� 

��02
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1( ) ; 0
2

d x x
dx x

= >

1( ) ( ) ; 0ii f x x
x

= ≠

��� .�@ ��&�0≠ox�/R!2	�$ �-�� .�/!E%�� iDe 

2

1 1
( ) ( ) 1lim lim lim

( )o o o

o o o
x x x x x xo o o o o

f x f x x x x x
x x x x xx x x x→ → →

−
− −= = = −
− − −

 

�-�%�� �%� *B!&	�� ���!+ ������ �#$ox��0/� 2
1( )o
o

f x
x

′ = −)�@ 12^�0ox ≠��02
 ) �/R!2	�$ �-�� 

2
1 1 , 0d x

dx x x
  = − ≠ 
 

 

)n��26Z P�� (( ) ( ) niii f x x=

���.�@ ��&�ox8� �/R!2	�$ '-�� �.�/!E%�� iDe 
1 2 1

1( ) ( ) ( )( ... )lim lim lim
( )o o o

n n n n n
no o o o o
ox x x x x xo o o

f x f x x x x x x x x x n x
x x x x x x

− − −
−

→ → →

− − − + + += = =
− − −

 
#$ �-�%�� �%� *B!&	�� ���!+ ������ �ox��0/� 1( ) n

o of x n x −′ =)�@ 12^�ox��02
 ) �/R!2	�$ �-�� 

( ) 1 ;n nd x nx n
dx

−= ∈�

( ) ( ) siniv f x x=
���.��@ ��&ox8� �/R!2	�$ '-�� �.�/!E%�� iDe 

( ) ( ) ( ) ( )2 2 2 2

( ) ( ) sin sinlim lim

2sin cos sin cos
lim lim cos

2

o o

o o o o

o o

o o
x x x xo o

x x x x x x x x

ox x x x oo

f x f x x x
x x x x

x
x xx x

→ →

− + − +

→ →

− −=
− −

= = =
−−  

 
 

 

�-�%�� �%� *B!&	�� ���!+ ������ �#$ox��0/� ( ) coso of x x′ =)�@ 12^�ox��02
 ) �/R!2	�$ �-�� 

( )sin cos ,d x x x
dx

= ∀ ∈�

( ) ( ) cosv f x x=

�@ y!6�$ 809 5�!D�� �!X�� ��/�Z o&%� :( )cos sind x x
dx

= −
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)a(����� �c%� mP�G��� hv�� �!G�� hv� ��P!�� �.�@2( )y f x x= =�-�%�� �%� 2ox =.
���:���!D�� ���&�� 8� ( )iii�@ �� 2y x′ =�-�%�� �%� U!	�!�� )2ox =�@ �� (2) 4y f′ ′= =

�: �-�%�� KL: �%� �c%G�� �!G�� *2� ��0/�4m =T: !:�%� �c%G�� �!G�� hv� ��P!�� ��07� 
4 4
2

y
x
− =
−

�@ m@ )4 4y x= −�: �!G�� T�� mP�G��� hv� *2�� 1 1
4m

− = −T: '	�P!��� 
4 1
2 4

y
x
− = −
−

�@ m@ )1 9
4 2

y x= − +.
)�( �!" �#$( )f x x=T�� �
��� ���P �.��	g�� l/��7 I���	j!� iD^$(4)f ′)( 3)f ′ −)

(0)f ′)y�.� �$(�
���:456+:a�	�7 !��%� xP���� 8� 4��0	
 x��0/� �6.�� ( )f x x x= =�@ �� U!	�!�� :

4 4 4 4

4( ) (4) 4lim lim lim lim1 1
4 4 4x x x x

xf x f x
x x x→ → → →

−− −= = = =
− − −

 

�#$(4)f ′P���� m�!D7� �P�.�� 1.
4����7:a�	�7 !��%� xP���� 8� 3−��0	
 x��0/� �6�!j ( )f x x x= = −�@ �� U!	�!�� :

3 3 3 3

3( ) ( 3) 3lim lim lim lim 1 1
3 3 3x x x x

xf x f x
x x x→− →− →− →−

− −− − − −= = = − = −
+ + +

 

�#$( 3)f ′ −P���� m�!D7� �P�.�� 1−.
4����7:a�	�7 !��%� xP���� 8� 0��0	
 xF9 T�� �6.�� 0��0/� ( )f x x x= =��07 !G%2� 

R!D/ T�� �6�!j0��0/� ( )f x x x= = −U!	�!�� ):

0 0 0 0 0 0

( ) (0) ( ) (0)lim lim lim 1 1 , lim lim lim 1 1
0 0x x x x x x

f x f x f x f x
x x x x→ + → + → + → − → − → −

− − −= = = = = − = −
− −

 

�#$
0

( ) (0)lim
0x

f x f
x→

−
−

�-�%�� �%� KP�.�� _n 0�(�
 '2��� )(0)f ′�@ m@ ) �P�.�� _n ������

( )f x x=�&
�� �%� }!�	\W� ���!+ _n .
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